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co-categorical conesion

Topological «-groupoids

| = AT  monad

[ = |p 1 )# p = A" comonad

! # = V[  monad
Topological o-groupoids idempotent

Modality: historically endofunctor on types/propositions
A CA 1A ?A
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Differential cohesion

[Scheiber; Wellen; Gross,L.,New,Paykin,Riley,Shulman,Wellen]

I — S ] &

Next level: super homotopy theory [Schreiber]
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Parametrized spectra

[Finster,L.,Morehouse,Riley]
o @@ D
b —I> b

)

> X0 44—

self-adjoint, idempotent
monad and comonad



Parametrized spectra

[Finster,L.,Morehouse,Riley]




Other places with cohesion

% universes in cubical models (presheaves/sets)
[L.,Orton,Pitts,Spitters]

% parametricity (bridge-path cubical sets, bicubical sets)
[Nuyts,Vezzosi,Devriese; Cavallo,Harper]

* bisimplicial/bicubical directed type theories
[Riehl,Shulman; Riehl,Sattler; L.-Weaver; Nuyts]

* information flow security (classified sets) [Kavvos]



Other modalities

% whole area of proof theory and programming langs,
mostly simply typed

* linear logic ! comonad [Girard] in dependently indexed

linear logic [Vakar;

Benton, Pradic, Krishnaswami]

% Squash types [Constable+], bracket types [Awodey,

Bauer], contextua
Pientka, Pfenning

modal type theory [Nanevski,

% Dependent right adjoints (generalizing #) [Birkedal,
Clouston, Mannaa, Magelberg, Pitts,Spitters]

* “Later” in guarded recursion [Nakano,Birkedal+]
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co-categorical Cohesion

[Schreiber,Shulman]

“Topological «-groupoids”

H<A<4 r-)v

co-groupoids
fundamental co-groupoid! e.g. AM(topological S') = HIT S’

A and V full and faithful...

Cohesion in cubical models

Presheaves on C with terminal object 1

I'I<A<—| r— v

Sets
'(A) = set of objects (A1)
A(X) = constant presheaf on X

SetsCube

Parametrized Spectra

[Finster,L.,Morehouse,Riley]
B(x)

X

A self-adjoint,
monad and comonad

11

Pal’am et rl (o |ty [Nuyts,Vezzosi,Devriese]

co-categorical Cohesion

“Topological «-groupoids”

[=An
[ - obh ) # b = Al comonad
#=VI monad
“Topological «-groupoids” idempotent

Modality: historically endofunctor on types/propositions
OA A 1A ?A

Bi-{simplicial,cubical} TT

Cop x Dop [Riehl,Shulman;
Sets Riehl,Sattler;

L.-Weaver;
Cavallo,Harper]
forget morphisms/relations

two kinds of intervals, paths
and “bridges”/relations

Al 7| 7]V

SetsCop
A = r =41V forget paths
also core, opposites (self-adjoint)?
Sets [Nuyts’15]
Differential Cohesion [Friday
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Monadic modality in Book HoT T

[Rijke,Shulman,Spitters]

Definition 7.7.5. A modality is an operation O : Y — U for which there are

(i) functions 73 : A — O(A) for every type A.
(ii) forevery A :U and every type family B : O(A) — U, a function

ndo: ([TOBR@)) ~ T o(B()
z:0(A)

(iii) A path indo(f)(74(a)) = f(a) for cach f : [wa) O(B (n3(a))).
(iv) Forany z,z' : O(A), the function 3, : (z = z') — O(z = 2’) is an equivalence.

13



Monadic modality in Book HoT T

[Rijke,Shulman,Spitters]

(idempotent, monadic)
Definition 7.7.5. A modality is an operation O : Y — U for which there are

(i) functions 73 : A — O(A) for every type A.
(ii) for every A : U and every type family B : O(A) — U, a function

ndo: ([TOBR@)) ~ T o(B()
z:0(A)

(iii) A pathindo(f) (1% (a)) = f(a) for cach f : [wa) O(B (13(a))).
(iv) Forany z,z' : O(A), the function 3, : (z = z') — O(z = 2’) is an equivalence.
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Monadic modality in Book HoT T

[Rijke,Shulman,Spitters]

(idempotent, monadic)
Definition 7.7.5. A modality is an operation O : Y — U for which there are

(i) functions 73 : A — O(A) for every type A.
(ii) for every A : U and every type family B : O(A) — U, a function

indo - (Ho 2)))) — [1 oB@)

(iii) A pathindo(f) (1% (a)) = f(a) for cach f : [.a) O(B (13(a))).
(iv) Forany z,z' : O(A), the function 75, : (z = z’) = O(z = Z’) is an equivalence.

works because terms [ — a:A have many variables
but one conclusion A — easy to control

13



Comonadic modalities

Internal definitions don’t work:
need new rules to control use of context

AloFa:A Az AA |T'Hb:B
Az AAN | THz: A A, A’la/z] | T'la/z] - bla/z] : Bla/x]

Al-FA: Type Al-FM:A
A|T'FbA: Type A|THM :bA

[Pfenning-Davies; dependent/idempotent version by Shulmanj
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Monadic modalities via new rules

Define b 4 #, b# A=bh A [Shulman]

then can prove it satisfies modality axioms

AT |-FA: Type
A|TF§A: Type

AT|-FM:A A|-+DM:tA
A|THM: tA A|THDM,:A




Monadic modalities not via rules
[Shulman]

In real-cohesive HoTT, shape | A is nullification:
monadic modality for R-null types A = (R = A)

defined modalities: [, truncation, ...
judgemental modalities: b, #
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Substructural/Modal Logics

* Multiple kinds of assumptions/multi-zoned contexts:
Andreoli’92; Wadler’93; Plotkin’93;Barber’96;
Benton’94; Pfenning,Davies’01

% Tree-structured contexts:
Display logic: Belnap
Bunched contexts: O’Hearn,Pym’99,
Resource separation: Atkey,’04

* Multiple modes: Benton’94; Benton,Wadler’'96,
Reed’09

* Fibrational perspective: Mellies,Zeilberger’15

17



Substructural/Modal T.T.

1.Add a new form of judgement for left adjoints

2.Left adjoint types have a left universal property
relative to that judgement

3.Right adjoint types have a right universal property
relative to that judgement

4.Structural rules are equations, natural isomorphisms,
or natural transformations between contexts

5.0ptimize placement of structural rules

18



Monoidal Product

1.Add a new form of judgement for left adjoints

2.Left adjoint types have a left universal property
relative to that judgement

3.Right adjoint types have a right universal property
relative to that judgement

4.Structural rules are equations, natural isomorphisms,
or natural transformations between contexts

5.0ptimize placement of structural rules

19
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Monoidal Product

new judgement: the context I',I”

o [[A,B] - C
left adjoint:
[[A®B] - C
| o [, A-B
right adjoint:

[ -A-B
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Structural rules

If , IS associative then ® Is

ABHFA®B CrC
(A,B),C - (A®B)®C
A,B,C) -+ (AeB)®C

A,(BaC) - (AeB)oC

A®(B®C) - (A®B)oC

equality or isomorphism




Optimization

Pick a canonical associativity, and
build re-associating into the other rules

basic optimized
(MA),B-C
[,(A,B) - C [,(A,B) - C

[ AB - C [ AB - C



Cartesian Product (Positive)

1.Add a new form of judgement for left adjoints

2.Left adjoint types have a left universal property
relative to that judgement

3.Right adjoint types have a right universal property
relative to that judgement

4.Structural rules are equations, natural isos, or
natural transformations between contexts

5.0ptimize placement of structural rules

23



Cartesian Product

X:AFX:A

[ra:A A+—Db:B
LA+ (a,b): AxB

[ FW: O [ ~c:I,[



‘Optimized” Rules

[ X:AEFEX:A

[~ra:A [ +~Db:B

- (@b):AxB



‘Optimized” Rules

can weaken

[ X:AFX:A at the leaves

[~ra:A [ +~Db:B
- (@b): AxB




‘Optimized” Rules

can weaken

[ X:AFX:A at the leaves

[~ a - A [ b ' B so might as well
r — (a,b) : A o B always contract




b in spatial type theory

1.Add a new form of judgement for left adjoints

2.Left adjoint types have a left universal property
relative to that judgement

3.Right adjoint types have a right universal
property relative to that judgement

4.Structural rules are equations, natural isos, or
natural transformations between contexts

5.0ptimize placement of structural rules

26



Simply-typed b

new judgement: the context f(I')

left adjoint:

right adjoint:



Simply-typed b
new judgement: the context f(I')

fl A
b[™ — A

left adjoint:

right adjoint:



Simply-typed b

new judgement: the context f(I')

fl A
left adjoint:
[ - A
| o fl —A
right adjoint:

[~ #A



Simply-typed b

structural rules for idempotent comonad:

counit: flr =1

comult: fl =ffl



Optimization

Az AA |THz: A



O pt I m IZat I O n pick canonical “associativity” of

/ contexts: placement of f

Az AA |THz: A
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O pt I m IZat I O n pick canonical “associativity” of

/ contexts: placement of f

Az AA |THz: A

f(projection) counit

fAAN)T - fA) - A

A ‘ FM:A might as well use comult, because
JAN ‘ ' M b . b A you can counit A later if you need to

[same placement as comonoid for x]

29



Pattern

1.Add a new form of judgement for left adjoints

2.Left adjoint types have a left universal property
relative to that judgement

3.Right adjoint types have a right universal property
relative to that judgement

4.Structural rules are equations, natural isos, or natural
transformations between contexts

5.0ptimize placement of structural rules

30



Only part of the story...

% Structural rules for interaction of modalities
(e.qg. f(A,A’) vs. f(A),f(A))

% Rules for dependency
Al-FA:Type A, T'|-F A: Type
A|TFbA:Type A |T'FHA: Type

* Interaction with identity types, inductive types, HITs
* Universes
% Stability under substitution

* Fibrancy

31



Pattern to Framework



Fibrational Framework

* A Judgemental Deconstruction of Modal Logic [Reed’09]
* Adjoint Logic with a 2-Category of Modes [L.Shulman’106]

* A Fibrational Framework for Substructural
and Modal Logics [L.,Shulman,Riley,’17]

* A Fibrational Framework for Substructural
and Modal Dependent Type Theories
[L.,Riley,Shulman, in progress]

33



|_ogical Framework

[Martin-Lo6f; Harper,Honsell,Plotkin]

a type theory where other type theories
are specified by signatures
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|_ogical Framework

[Martin-Lo6f; Harper,Honsell,Plotkin]

a type theory where other type theories
are specified by signatures

* Implement one proof assistant for
a number of type theories

% semantics: prove initiality for
a class of type theories at once

34
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(Goals for Modal Framework

% covers lots of examples
% easy to go from intended semantics to a signature

% automatically get type theoretic rules
(but with explicit structural rules)

% can derive “optimized” rules (requires cleverness)
% categorical semantics for whole framework at once
% expected structures are models of signhatures

% proof assistant with enough automation
to make it convenient

35



Fibrational Framework

types and terms of

top type theor
D P1yp y a modal type theory

TT

v

M base type theory algebraic syntax for

judgements

36



Fibrational Framework

D and M both dependent type theories
D —y [ CtX [ FoAtype T fa: A

TT

v

M yc;tx vV = p mode yllf:p



Fibrational Framework
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base X:p,y:q,zr —f:s



Fibrational Framework

framework contexts are both standard:
not modal or substructural

N\
top X:Ay:B,z.C s d: D

base X:p,y:q,zr —f:s
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Fibrational Framework

framework contexts are both standard:
not modal or substructural

N\
top X:Ay:B,z.C s d: D

base X:p,y:q,zr —f:s

e

base term f represents
the modal structure of the context

38



A semantic intuition
(non-dependent)

—y [ ctx objects of y

M Hia: A maps f(I) =& A
Y CtX categories
y—T1:0 functors

VES:f=s0

natural trans.



Pattern

1.Judgement for left adjoint: modes and mode terms

2.Left adjoint types have a left universal property
relative to that judgement

3.Right adjoint types have a right universal property
relative to that judgement

4 .Structural rules: 2-cells between mode terms

5.0ptimize placement of structural rules

40
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# idem monad

- P
Spatlaﬁ—r , <_|> 4 b idem comonad
P

Mode theory
p mode category
XpHfXx):p functor

counit : x:p + f(x) = X
comult : x:p + f(x) = f f(x)
... + equations

nat. trans



A semantic intuition
(dependent)

[ o A type objects of p([)
[—ra: A maps f([') =pn A

Y =p mode  functors y°°P = Cat
VEf:p sections of [p = vy

Y —s:f=pg natural trans. over id



Dependent Contexts
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mode aip —T(a) “types” in context a
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Dependent Contexts

mode p “contexts”
mode aip —T(a) “types” in context a
2-cella=pb “substitutions”

A comprehension object on (p,T) has
mode term a:p + 1a: T(a)

suchthat aipt+ (a,13):(@:p, T(Q)
has a right adjoint

[Lawvere,Ehrhard]
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Dependent Contexts

mode p “contexts”
mode aip —T(a) “types” in context a
2-cella=pb “substitutions”

A comprehension object on (p,T) has
mode term a:p + 1a: T(a)
suchthat aipt+ (a,13):(@:p, T(Q)
has a right adjoint

/

it 4 t -
unit/counit mode term 2-cells [Lawvere,Ehrhard]
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Dependent Contexts

a =p b.X S:a=pbandt:1a=14m S*X

I

A comprehension object on (p,T) has
mode term a:p + 1a: T(a)
suchthat aipt+ (a,13):(@:p, T(Q)
has a right adjoint

/

it 4 t -
unit/counit mode term 2-cells [Lawvere,Ehrhard]
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Dependent Contexts

framework level transport that represents “substitution”
(mode types are functors y°? — Cat) \

a =p b.X S:a=pbandt:1a=14m S*X

I

A comprehension object on (p,T) has
mode term a:p + 1a: T(a)
suchthat aipt+ (a,13):(@:p, T(Q)
has a right adjoint

/

unit/counit mode term 2-cells [Lawvere, Ehrh ard]
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Dependent Contexts

T:=(a:p, T(@)) — p~
fst cod

P

comprehension induces
comprehension category [Jacobs]

full comprehension category with
1 terminal has comprehension

46



Dependent Contexts

T:=(a:p, T(@)) — p~
fst cod

P

If full and 1 terminal, then
maps in the fiber 12 =71y X

= a =pa.xsectionsofm:ax=a

47
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ENCOAINgS
MLTT x:A,y:B,zzZC+ d:D

D XA, vyB, 2:C =1 d:D
M xT(2),y:T(2.X),z:T(@.X.y) HFloxyz : T(2.X.y.2)

%* A depends on nothing (@ terminal in p)

* B depends on X
% C dependson xand y



ENCOAINgS
MLTT x:A,y:B,zzZC+ d:D

D XA, vyB, 2:C =1 d:D
M xT(2),y:T(2.X),z:T(@.X.y) HFloxyz : T(2.X.y.2)

%* A depends on nothing (@ terminal in p)

* B depends on X
% C depends on xand y
*sodoesc (over1b/cl —a:Awherel ~ Atype)

48
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ENCOAINgS
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M x:Tf(@)),y:Tf(f(2).x) =1 : T(f(f(2).x) . y)
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D XA, v:B —1c:C
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ENCOAINgS

SpatialTT xA|ly:B+ c:C

D XA, v:B —1c:C

M xT(f(2),y:Tf(f(2).x) =1 : T(f(f(2).x) . y)

* A depends on nothing (“crisply”/flatly)
* B depends on x crisply
% C depends on x crisply and y normally/cohesively



ENCOAINgS

SpatialTT xA|ly:B+ c:C

D XA, v:B —1c:C

M xT(f(2),y:Tf(f(2).x) =1 : T(f(f(2).x) . y)

* A depends on nothing (“crisply”/flatly)

* B depends on x crisply

% C depends on x crisply and y normally/cohesively
% so does C

49



Pattern

1.Judgement for left adjoint: modes and mode terms

2.Left adjoint types have a left universal property
relative to that judgement

3.Right adjoint types have a right universal property
relative to that judgement

4.Structural rules: 2-cells between mode terms

5.0ptimize placement of structural rules
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Pattern

1.Judgement for left adjoint: modes and mode terms

2.Left adjoint types have a left universal property
relative to that judgement

3.Right adjoint types have a right universal property
relative to that judgement

4 .Structural rules: 2-cells between mode terms

5.0ptimize placement of structural rules
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Cat semantics
(non-dependent)

—y [ ctx objects of y
[+ra: A maps f([') 25 A
Y CtX categories
y—T1:0 functors

VES:f=s0 natural trans.



Fibrational Generalization

D types and terms

1 local discrete fib.

M  2-category



Fibrational Generalization

F and U types:

D types and terms (op)cartesian lifts

1 local discrete fib.

M  2-category



- types: opcartesian




- types: opcartesian




- types: opcartesian




- types: opcartesian

[simplified]



- types: opcartesian

', A Type (over v F p mode)
LR A X'
'+, Fz..(A) Type (over v = ¢ mode)

F-FORM

', M:A (over vk v:p)
'z F(M) : Fp u(A)  (over v F ulv/z) 2 q)

F-INTRO

I'y:Fzu(A) . C Type (over v,y : g - r mode)
', M:F;,(A) (over yFv:q)

Doz Ay N CF(z)/y]  (over v,z :ptv'u/yl:riu/y])

F-ELIM [y letF(z) = MinN : C[M/y] (over v v [v/y]:rlv/y])

letF(z) = F(M)inN = N[M/zx]
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U types: cartesian w/contra.

[Atkey,Hermida,Buckley]




U types: cartesian w/contra.

[Atkey,Hermida,Buckley]

|

[simplified]



U types: cartesian

I', A Type (over 7 p mode)
I''x: Ak, B Type (over v,z :pF q mode)
Y, T :ip,CiT g
', Uepu(z: A| B) Type (over v = 7 mode)

U-FORM

Iz Abyqg M : B (over v,z :phk plv/c|: q)

U-
N T =, Ae. M :U.,(z:A|B) (overykFuv:r)
'y, Ni:Ucpu(z:A|B) (over ykuwy:r)
', No: A (over v+ vy :p)
U-ELIM
' s /o /g N1(N2) : B[Na /x|  (over v = plve/x,v1/c] : q)

(Ax.M)(N)= M|N/x| Ax.N(x) =N
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2 types



2 types

A comprehension object supports 2 types if
a.p, x:T(a), y:T(a.x) — Z1(a,x,y) : T(a) type constructor
ContraCt . 1a = Z1(a,1a,1a_1)

characterize

induced a.x.y = a.zi(@,xy)isan = o on
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2 types

A comprehension object supports 2 types if
a.p, x:T(a), y:T(a.x) — Z1(a,x,y) : T(a) type constructor
ContraCt . 1a = Z1(a,1a,1a_1)

characterize

induced a.x.y = a.zi(@,xy)isan = o on

Represent 2x:A.B := Fz1xy) (X:A, y:B)
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| 1 types



| 1 types

A comprehension object supports I1 types if
unit types are stable under weakening:

1..x = 1*(13) is an isomorphism

99



| 1 types

A comprehension object supports I1 types if
unit types are stable under weakening:

1..x = 1*(13) is an isomorphism

Represent NMx:A.B := Uy.ny) (X:A | B)

99



Morphism of comp. objects



Morphism of comp. objects

A morphism of comprehension objects
(p,T) to (q,S) has
mode term a:p + f(a) : g
mode term a:p,x:T(a) + fi(a,x) : S(f(a))
2-cell a:p - 15 = f1(a,15)




| and R types



[ and R types

A morphism of comprehension objects
supports left adjoint types if induced map
f(a.x) = f(a).f1(x) is an isomorphism

61



[ and R types

A morphism of comprehension objects
supports left adjoint types if induced map
f(a.x) = f(a).f1(x) is an isomorphism

A morphism of comprehension objects
supports right adjoint types if
1) = f1(a,12) is an isomorphism

61



[ and R types

A morphism of comprehension objects
supports left adjoint types if induced map
f(a.x) = f(a).f1(x) is an isomorphism

A morphism of comprehension objects
supports right adjoint types if
1) = f1(a,12) is an isomorphism

Represent R A := Uy.1¢) (A)

61




[ and R types

A morphism of comprehension objects
supports left adjoint types if induced map
f(a.x) = f(a).f1(x) is an isomorphism

Define L A := Fys1¢y) (A)

A morphism of comprehension objects
supports right adjoint types if
1) = f1(a,12) is an isomorphism

Represent R A := Uy.1¢) (A)

61




Spatial type theory



Spatial type theory

A endomorphism of comprehension objects
supports spatial type theory if it supports
L and R types and

X:p - f(x) : pis an idempotent comonad



Spatial type theory

A endomorphism of comprehension objects
supports spatial type theory if it supports
L and R types and

X:p - f(x) : pis an idempotent comonad

Represent » A := comult*(L(A))
#A:=RA

|
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R types [Birkedal+ dependent right adjoints]

A -, I' Ctx " ', ©: A
CTX- SUB-
I, T, Cix Ta i, O, A
o Tl A Type
O TR RA Type
kg a: A LIk, b:RB

R-ELIM
I Il—p shut(a) - RA I‘,i‘ Il—q open(b) - B

R-INTRO
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| and R types

o II—pI‘Ctx o Fll—p@:A
CTX- SUB-
Ik, I, u Ctx T, O,u: A o
R I‘,i‘ II—q A Type
-FO
Y T, RA Type
I‘,i‘ll—qa:A I‘Il-pb:RB
R-INTRO R-ELIM
' Ik, shut(a) : RA [, el I, open(b) : B
I II—p A Type
L-FORM
P,i‘ Il—q LA Type
A e -, c: Clprojp 4w, left 4]
L-INTRO L-ELIM ’

[, Al lefty : LA[projr 4, ul [ el LA, letleft(c) : C
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Spatial L and R types

I T Ctx L DH0:A
CTX- SUB-
I, T, Ctx e, O,uf: A of
. I, e -, A Type
O R RA Type
Du -, a: A Ll b:RB
R-INTRO R-ELIM
' Ik, shut(a) : RA [, el I, open(b) : B
I Ik, A Type
L-FORM
T,u I, LA Type
. . A e -, c: Clprojp 4w, left 4]
-INTRO - :
T, A e Iy lefty : LA[projy ) ST d LA, letleft(c) : ©

I, e IF counitp : T
[, el |- comultr : T, e, uf®
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[can translate

Spatial L and R types  swimas

into this]
Ik, I Ctx T'lF,©:A
b P e p
SR T, e Cix R I, O, A
. T,ul-, A Type
-FO
FORM I' -, RA Type
T el a:A T'lk,b:RB
R-INTRO R-ELIM
T Ik, shut(a) : RA T,u I, open(b) : B
T I, A Type
L-FORM
T,u Ik, LA Type
. . A e -, c: Clprojp 4w, left 4]
-INTRO _ )
T, A e Iy lefty : LA[projy ) ST d LA, letleft(c) : ©

[, |- counitp : T
[, el |- comultr : T, e, uf®
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Semantics (dependent)

D

“local discrete fibration

T . . .
of 2-categories with families”

\4

M



WIP

* Current translations of object-language substitutions
use some stricter F types, or modified mode theory;
trying to reconcile with the semantics

* Top F and U types are strictly stable under
substitution — move to mode theory? strictification?

% Semantics with fibrancy for homotopy models
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Pattern

1.New judgements for left adjoints: mode types/terms

2.Left adjoint types: F types

3.Right adjoint types: U types
4. .Structural rules: 2-cells between mode terms

5.0ptimize placement of structural rules: derived rules
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(Goals for Modal Framework

% covers lots of examples
% easy to go from intended semantics to a signature

% automatically get type theoretic rules
(but with explicit structural rules)

% can derive “optimized” rules (requires cleverness)
% categorical semantics for whole framework at once
% expected structures are models of signhatures

% proof assistant with enough automation
to make it convenient
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